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Abstract: This paper is concerned with the existence of positive solutions for second order ordinary 
differential equations with two-point, three-point and m-point boundary value problems 
by using an existence theorem. Some sufficient conditions guaranteeing the existence of 
at least one positive solution of several classes of boundary value problems are established 
under weaker conditions. The results generalize and improve some previous results. 
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1 Introduction 


It is well known that boundary value problems (BVPs) arise in a variety of different areas 
of applied mathematics, physics, chemistry and biology, which can be found in the theory of 
nonlinear diffusion generated by nonlinear sources, in the thermal ignition of gases, in chemical 
or biological problems, in the vibrations of a guy wire of a uniform cross-section, and in the 
theory of elastics stability!"-§], We are interested in the existence of positive solutions for the 
following second-order differential equations 


u(t) +Af(t,u(t)) =0, te (0,1), (1) 

u(t) + Aa(t) f(u(t)) =0, t€ (0,1), (2) 

u(t) + f(t,u(t)) =0, te (0,1), (3) 

u(t) + a(t) f(u(t)) =0, ¢€ (0,1), (4) 

under different boundary conditions 

u(0)=0, au(n) = u(1), (5) 

u'(0)=0, au(n) = u(1), (6) 

u(0) = u(1) =0, (7) 

u(0) = u'(1) =0, (8) 

u'(0) = u(1) =0, (9) 
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au(0) — Bu'(0)=0, yu(1) + du’(1) = 0, (10) 
m—-2 m—2 

w= S a aS nE: a1) 
i=l i=l 


Such equations arise from the study of radial solutions of partial differential equations on 
annular regions in R”, n > 2, of the forms: Au + h(|z|)f(u) = 0 and Au + f(|z|,u) = 0, and 
contain the generalized Emden-Fowler equations, where f = u?, p > 0 (gas dynamic, nuclear 
physics and chemically reacting systems), the Thomas-Fermi equations, where f = ua (atomic 
structures), and so on. In last decades, the existence of positive solutions for the BVPs has been 
widely studied!”"!4], Inspired by the known results (see, for example, [8-11,13,14]), we attempt 
to establish a simple criterion for the existence of positive solutions for several classes of BVPs 
by using an existence theorem in C[0, 1] ({15]) and then prove the existence of positive solutions 
for above BVPs. In this way, our results generalize and improve similar results in [8-11,13,14]. 
Let us introduce some assumptions for convenience: 

(Hı) 71 € (0,1), 0< an< l; 

(Hi) ne(0,1), 0<a<l; 

(H2) f: [0,1] x [0, 00) — [0, 00) is continuous and f(t,-) does not vanish identically on any 
subset of [0,1] with positive measure; 

(H2) f € C([0, 20), [0,00)), a € C([0, 1], [0, o0)} and there is to € [0, 1] such that a(to) > 0; 

(H3) œ, 8, y, ô > 0 and p = yß + ay + aô > 0; 

(H4) a €C((0,1), [0, +00)) satisfies 


1 
0< I G(s, s)a(s)ds < oo, 
0 


where 
1 
4(y+6-yt)\(B+as), 0<s<t<l, 
Glt,s) = A )( 
1(B +at)(y +8- 7s), OSt<s<1; 
(Hs) ai, bi € [0, 00) satisfy 


m—2 m—2 
0< $ a et, b< 
i=1 i=l 


We now present the existence theorem which will be used in the latter proofs. Let E = C/0, 1] 
be endowed with the maximum norm 


= = > . 
lly ae ly@)|, P= {x€ E|z(t) > 0, te (0,1]} 


Theorem 1!!5] Assume A: P — P is a completely continuous operator and there exist 
constants b, c >0, 0<p<v <1, r € (0,1) such that b < rc implies: 
(i) min Azr(t) > r||Azr]| for x € P; 
tefur] 


(ii) ee) > b for x € P with b < a(t) < 2, t € [p,n]; 
te|p,w 


(iii) [Axl] < c for z € P. = {z € P | |[zx|| < c}. 


Then the equation Az = z has at least one solution z* € P, with min x*(t) >b. 
tE w 
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2 Existence of positive solutions 


In this section we will study the existence of positive solutions for aboved-mentioned BVPs. 
Similar problems have been considered in [7-14]. Particularly, the existence of positive solutions 
for different BVPs is established in [8-14] by using the Krasnosel’skii fixed point theorem of 
the cone expansion-compression type. In what follows, we also work in C [0,1] and only the 
sup-norm is used. For convenience, let P = {x € C0, 1]| x(t) > 0, t € (0, 1]} and 


t, t,u 
= esas fo:= lim, max feu) u). f_:= lim min f(t, ) 
u=0t U u>œ u u—0+ tE[0,1] u =00 u-cote[0,1] u 





Theorem 2 Assume (Hı), (Hz) hold and f ņ = oo. Then, for A > 0 sufficiently small, 
(1), (5) has at least one positive solution. 
Proof It is easy to see that u € P is a solution of (1), (5) if and only if 


u(t) = -f (t — s)Af (s, u(s))ds 





at n t 1 
S i (n — s)Af (s, u(s))ds + on i (1 — s)Af (s, u(s))ds 


For f(t,u) > 0, using the same arguments as those in [7, Lemma 2.2, Lemma 2.3], we can get 
u(t) > 0, t € [0,1] and mio u(t) > ylju||, where 
Eln, 


a(1— 7) 
Y= min { an, $ ee in}. 


Define an operator T 


Tua) Se f (t — 8) Af (s,u(s))ds 








— (n — s)Af (s, u(s))ds + 7— = ‘fa — s)Af (s,u(s))ds 


= 


It is easy to prove that T : P — P is completely continuous and an Tu(t) > y|(Tull, Vue P. 
Thus, the condition (i) of Theorem 1 is satisfied. Now let À € (0, €) be fixed, where £ € (0, 1) is 
any given constant. Since f |, = oo, there is b > 0 such that f(t, > Hu for Vt € [0,1], u È b, 
where H is chosen so that Mian} > 1. Thus, for b < u(t) < A tefn,1], 


I} 





Tu(n) — [o — s)Af(s, u(s))ds ny = [o — s)Af(s,u(s))ds 





r 1 
tr an f (1 — s)\f (s, u(s))ds 





=F (n — s)Af (s, u(s))ds pF f (1 — s)Af(s, u(s))ds 


422 CHINESE JOURNAL OF ENGINEERING MATHEMATICS VOL. 28 





n i 1 n 
-ztl Af (s,u(s))ds + zzl sdf (s,u(s))ds 


1 
ui 
+a | AF (s,u( 


1 
i K / Af (s,u(s))ds + 











$ sdf (s, u(s))ds 














an 


n 1 
zS sàf (s,u(s))ds — 5S sf (s,u(s))ds 








> = J Af (s, u(s))ds — mal sdf (s, u(s))ds 


an 
a fa- jds- Hp = MI n)? es 
2(1 — an) y 








1 
> | Ma- 98u s)ds > 7 
= 


Consequently 


pain, Tult) > ylTul > 7: =b, b<u(t)< e, tef, 1. 
E 


Therefore, the condition (ii) of Theorem 1 is satisfied. If q > 0, then 


pla) = sup max a! (t — s) f(s, u(s))ds 


u€P,|lulisq *€10,1] 


at 


n r i 
Sin J (n — 8) f(s, u(s))ds + ar | (1-— s)f(s,u(s))ds| >0. 


For any c > R, let T = gy, then for À € (0,¢) (0, 7] and u € P,, we have 











t 
Tu(t) < r| al (t — s) f(s, u(s))ds — i [o — s) f (s,u(s))ds 


—an 


$ t 
1-an 





i (a -s)f (s,u(s))ds| < mB(c) =c. 
0 


Hence, ||Tul| < c, Y u € P.. The condition (iii) of Theorem 1 is satisfied. Thus, for A € 
(0,£) N (0, 7], all the conditions of Theorem 1 are satisfied. Tu = u has at least one nonzero 
positive solution. That is, (1), (5) has at least one positive solution. 

Theorem 3"! Assume (H1), (H2) hold and there exist b, c > 0 such that b < yc implies 

(i) f(t,u) > lb forn <t<1, b<us 8; 

(ii) f(t,u) <m'c for0<t<1,0<uK<e. 


Then (3), (5) has at least one positive solution, where y is given as in Theorem 2 and 


2-an) 21 ~an) 
yn(1 — n)? (2 — an + an?) 
Using the same arguments as those in Theorem 2, we come to the following conclusions. 
Theorem 4! Assume (H;), (H2)’ hold and fæ = oo. Then, for À > 0 sufficiently small, 
(2), (5) has at least one positive solution. 


Theorem 5 Assume (Hj), (H2) hold and there exist constants b, c > 0 such that b < ye 
implies 
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(i) flu)>lbforb<u< 8; 
(ii) flu) <me for 0 <u < c. 
Then (4), (5) has at least one positive solution, where y is given as in Theorem 2 and 


l= I n , m= ai 
yn Ja (1 — s)a(s)ds Jo (1 — s)a(s)ds 


Theorem 6/8) Assume (Hı), (H2) hold and there are a, b > 0 such that 





pla) = max {f(t,u):0<t<1,0<u<a}<aA, 
v(b) = min { f(t,u): u <t < v, ob < u < b} > bB. 
Then (3), (5) has at least one positive solution, where 7 < p < v < 1, A = 2(1 — an) and 
2(1 — an) . 1-7 . ft von (al 
= , o=min4n, Mn, 4. > So 
mv — p)(2—v — u) {r ral AE 1-7 ) 
Theorem 7 1) Assume (H;)’, (H2) hold and fə = oo. Then, for A > 0 sufficiently 
small, (2), (6) has at least one positive solution; 
2) Assume (Hz)’, (He)! hold and there exist b, c > 0 such that b < pc implies 
(i) f(u) >lbforb<us< a 
(ii) f(u) <m'c forO<u<e. 
Then (4), (6) has at least one positive solution, where 








_ a(1—1) pia l-a l= l-a 
~ l-an’ i ha — s)a(s)ds° ~ p(1—7) fo’ a(s)ds + pf, ( — s)a(s)ds 


From now on, we concentrate on the two-point, m-point BVPs. 

Theorem 8 Assume (H2)’ holds and f,. = oo. Then, for A > 0 sufficiently small 

1) (2), (7) has at least one positive solution; 

2) (2), (8) has at least one positive solution; 

3) (2), (9) has at least one positive solution. 

Proof It is easy to check that (2), (7) is equivalent to the following integral equation 


u(t) = af k(t, s)a(s)f (u(s))ds =: Tu(t), u(t) € C(O, 1], 


TE t(1—s), t<s, 


s(1-t), t><s. 


It is also easy to show that T : P — P is completely continuous by the Arzela-Ascoli theorem. 
From k(t, s) < s(1 — s), it follows that, for any u € P, 


i|Tul| < af s(1 — s)a(s)f (u(s))ds. (12) 


On the other hand, for + < t < 3, one also has 


k(t sf al-s), tSs, 
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Hence, k(t, s) > $s(1—s) for } <t < 3, O<s < 1. Therefore 


min Tu(t) > >| s(1 — s)a(s) f (u(s))ds. 


teli} 
It follows from (12) that 


1 
min Tu(t) > -|Tull, Vue P. 
telil 


Now let A € (0, £) be fixed, where € € (0, 1) is any given constant. From fæ = œ, there is b > 0 
such that f(u) > Nu for any u > b, where the constant N > 0 satisfies 


3 
1 4 /1 
mJ k( z s)a(s)ds >1. 


Thus, for b < u(t) < 4b, t € [4, 3], it follows that 
1 
Tu(3) = a fe 


a fx 58 s)a(s)f(u(s))ds > > won f'e =,s Ja(s)ds > 4b. 


s)a(s)f(u (s))ds 


mie 


< 


Consequently 


T t) > GIT > ar > b. 
aa Pu(t) 2 glTul > u(5) 


Therefore, the condition (ii) of Theorem 1 is satisfied. If q > 0, then 


B(q) = ta k(t, s)a(s) f(u(s))ds| >0. 


sup 
ueP,||ull<¢ tel [0, 0.1} 





For any c > 4b, let t = gf, then for A € (0,€) N (0, 7], and u € P., we have 


Tu(t) < z| ih k(t, s)a(s)f (u(s)) ds] < mB(c) = 


Thus, ||Tu|| < c, Y u € P.. The conclusion 1) follows from Theorem 1. Next we consider 
(2), (8) and (2), (9). (2), (8) and (2), (9) are equivalent to the following integral equations 


= af kı(t, s)a(s) f(u(s))ds =: Tiu(t), 
0 


u(t) = af ka(t, s)a(s) f (u(s))ds =: Tzu(t), 


respectively, where u(t) € C[0, 1] and 
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We can easily prove that 


min Tyu(t)> t\Tyull, min Tpu(t)> iah Vue P. 
te(3,1] 2 t€[0,4] 2 


By using the same method as above, both (2), (8) and (2), (9) have positive solutions. 
Theorem 9 Assume (H2)’ holds and there are b, c > 0 such that c > 4b implies 
(i) f(u) > lb for b< u < 4b; 
(i) f(u) < me forO<u<e. 
Then (4), (7) has at least one positive solution, where 


i Sh yas 
fis s(1 — s)a(s)ds_ fo (1—s)a(s)ds 


Remark 1 (i) For (4), (8) or (4), (9), we have the similar results as those in Theorem 9; 
(ii) For (1),(7)-(9) and (3), (7)-(9), we also have some results similar to Theorem 2 and 
Theorem 5. 
Now we improve some results from [11-14] and obtain similar results by using the same 
method. We only give the results and omit their proofs. We make the following assumptions: 
(K) There exist constants b, c, m’, 1 >0, T € (0,1) such that b < rc implies 
(Ai) flu) >lbforb<us R; 
(Az) flu) <m'c for0<uK<c; 
(A1) f(t,u) > lb forO0<t<1, b<uK< 2; 
(A2) f(t,u)<m'cfor0<t<1, 0<uK<e. 
Where T(m’ or l) is different under different BVPs. 
Theorem 10 1) Assume (H2), (H3) hold and f= oo. Then, for A > 0 sufficiently 
small, (1), (10) has at least one positive solution; 
2) Assume (H2)', (H3) hold and fo = 00. Then, for À > 0 sufficiently small, (2), (10) has 
at least one positive solution; 
3) Assume (H2)’, (H3) and (K)-(A1), (Az) hold. Then, (4), (10) has at least one positive 
solution; 
4) Assume (H2), (H3) and (K)-(A1)’, (A2) hold. Then (3), (10) has at least one positive 
solution; 
5) Assume (H3), (H4) and (K)-(A1), (A2) hold. Then (4), (10) has at least one positive 
solution. 
Theorem 11 1) Assume (H2), (Hs) hold and f’ = oo. Then, for A > 0 sufficiently 
small, (1), (11) has at least one positive solution; j 
2) Assume (H2)’, (Hs) hold and fæ = oo. Then, for À > 0 sufficiently small, the problem 
(2), (11) has at least one positive solution; 
3) Assume (Hz)’, (Hs) and (K)-(A1), (A2) hold. Then (4), (11) has at least one positive 
solution; 
4) Assume (H2), (Hs) and (K)-(A1)’, (A2)’ hold. Then (3), (11) has at least one positive 


solution. 
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Remark 2 In Theorems 5, 7-11, we do not need the assumptions fo = 0, foo = œ or 
ifa = 0, Joz = oo which are required in [9-14]. From above discussions, we see that, by using 
Theorem 1, our conditions are weaker than those of the previous known results. 
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